ABSTRACT. Given integers v, a and b, when does a pairwise balanced design on v elements with a triples and b quadruples exist? Necessary conditions are developed, and shown to be sufficient for all v > 96. An extensive set of constructions for pairwise balanced designs is used to obtain the result.
1.
Preliminaries. Let X be a finite set, |X| = v. For a set K Ç { 2,3,4,..., v}, let (*) denote the set of all subsets of X whose cardinalities appear in K. For$C (£), ( In this paper, we study PBDs and IPBDs with block sizes 3 and 4, which we call triples and quadruples, respectively. It has long been known that a (v, { 3,4} )-PBD exists if and only if v = 0,1 (mod 3), v ^ 6 (see [3] , for example). We address a more complicated problem, the determination of the possible numbers of blocks of each size in such a PBD of order v. Define Our goal is to determine Spec 4 (v), leaving only a handful of exceptions for small values of v. In the process, we employ some results on Spec 4 (v, w). We shall see that there are substantial connections to fundamental problems in design theory. Determining the possible numbers of pairs and triples in a PBD with blocks of sizes two and three is straightforward using the solution for the maximum packing problem for triples (see [28] ). Similarly, determining the possible numbers of pairs and quadruples in a PBD with block sizes two and four also is easy given the solution for the packing problem for quadruples (see [5] ). Hence the determination for triples and quadruples is the next step, and as we shall see it is substantially more complicated.
We first determine necessary conditions on Spec 4 (v) , and subsequently adapt a large battery of recursive constructions to establish sufficiency for v > 96. We introduce definitions as needed, but refer the reader to [3, 33] for standard background in combinatorial design theory.
At the outset, let us remark that pairwise balanced designs have wide applications in the construction of combinatorial designs [3, 33] , and have proved to be very useful in the statistical design of experiments [18] .
2. Necessary conditions. In this section, we employ some elementary observations to establish necessary conditions on Spec 4 (v). For each integer t > 0, let A(3t + 2) = 0; otherwise define J? (v) For convenience, we let m v denote the smallest number in ^U(v), and we let M v denote the largest number. Observe further that the number of triples is always congruent to v(v -1 )/ 6 (mod 2) ; hence when v = 7,10 (mod 12), the number of triples is odd. Since ^3 = 0 (mod 6) in such a PBD, the smallest number of triples is 7; this gives an upper bound of (v(v -1) -42)/ 12 quadruples in this cases. These arguments establish the lower and upper bounds; now we turn to the other missing values.
When v is odd, consider the configuration of quadruples. Every element is in an even number of quadruples; it is easy to verify that this requires either zero or at least five quadruples. Hence { 1,2,3,4} Pi Spec 4 (v) = 0 for v odd.
Whenv= 1,4 (mod 12), every element is in a number of triples which is 0 (mod 3), and the number of triples is even. Hence if there are any triples at all, there must be at least eight of them (and they partition the unique 6-regular graph on eight vertices into triangles if the number of triples equals eight). Hence in these cases we have that v(v -1)/ 12 -s £ Spec 4 (v) for s G { 1,2,3}.
• The maximum values in J?(v) arise as follows. When v = 1,4 (mod 12), the PBD contains only quadruples. The maximum for v = 0,3 (mod 12) is obtained by omitting one point from the maximum solution for v + 1 points. When v = 7,10 (mod 12), the maximum is obtained by taking a PBD with one 7-block and all other blocks of size 4, and then replacing the 7-block with the 7 triples of a PBD on the same points. The maximum for v = 6,9 (mod 12) is not obtained by omitting a point from the maximum solution on v + 1 points. Rather it has (v -9)/ 3 disjoint triples, and four triples intersecting in a single point.
Our main result in this paper is the following MAIN THEOREM. Spec 4 (v) = A(v)for v > 96.
The proof of sufficiency involves a large number of recursive constructions, that we introduce in section 3. Then in section 4, we determine various values in Spec 4 (v, w) for small v and w. In section 5, we apply the recursive techniques to the small values to prove the Main Theorem. Finally, in section 6, we outline some applications of the results.
3. Recursive constructions. In addition to PBDs and IPBDs defined earlier, we require a few further basic definitions in design theory. We call (X, Ç, (B) a X-GDD with group type g'j • • • g'* if $ Ç (*), (X, <B U Ç) is a PBD, and Ç is a partition of X into sets (called groups); for 1 < / < k, Q contains t[ groups with k t elements. The groups form essentially a spanning set of holes.
The basic construction that we use in general forms { 3,4} -GDDs, and then "fills in groups" with IPBDs and PBDs as follows: PROOF. Add w new elements W to X. Now on G/ U W, place an IPBD leaving a hole on the set W\ do this for all / ^ s. Then we may either leave the final hole, place an IPBD on it, or a PBD on it, to obtain the three outcomes above.
• •
The application of the fundamental construction requires that we develop a substantial collection of GDDs with block sizes 3 and 4; filling in groups then requires that we develop some IPBDs and PBDs with block sizes 3 and 4. Hence we recall a large number of constructions that can be used to produce such GDDs and PBDs. LEMMA 3.3 [8] . Let g,t,u be nonnegative integers satisfying g > 1, t > 3, u < g(t-1), \g 2 {£)+gtu = 0 (mod 3),pg(t-l) + u = 0 (mod 2), and if u ^ Othengt = 0 (mod 2). Then there exists a {3} -GDD of group-type g*u l . m Lemma 3.3 includes as special cases three important results that we employ in a substantial way. When g = u = 1, Lemma 3.3 is equivalent to the existence of Steiner triple systems, determined in 1847 by Kirkman [15] . When g = 1, Lemma 3.3 gives the Doyen-Wilson theorem [11] that a (v, w, {3})-IPBD exists whenever v, w = 1,3 (mod 6) and v > 2w +1. It also yields a theorem of Rosa and Hoffman [27] : a { 3} -GDD of group-type 4 r u l exists for all even u < 4t-4 for which t = Oor 1-u (mod 3), t > 3. The spectrum of (v, { 4} )-PBDs was first determined by Hanani [12] . Lemma 3.4 has some useful corollaries. The truncation of a PBD is another PBD obtained by removing some elements, and all occurrences of those elements in blocks (and naturally removing all "blocks" of size 0 and 1 that result). Truncations of the IPBDs in Lemma 3.4 are particularly valuable. Removing a single element from the hole of size w gives a { 4} -GDD with group-type 3 (v-vv) / 3 (w -l) 1 . More generally, truncating the hole to w -x elements yields a (v -JC, w -x, { 3,4} )-IPBD with JC(V -w)j 3 triples. One can also truncate by removing x = 1, 3 or 4 points from a block with the elements not in the hole to produce a (V-JC, w, { 3,4} )-IPBD with JC(V-4)/ 3 triples for x = 3,4, and (v-4)/ 3 +1 triples for x = 1. (The case x = 4 only applies here when v ^ 3w -1, since a quadruple disjoint from the hole is needed.) Naturally, one can truncate one point from the hole, and then two or three from a resulting triple as well. In general, we do not comment on the PBDs and GDDs from such obvious truncations; however, they prove very useful in constructing needed ingredients.
Next we consider a special type of GDD. A { k} -GDD of group-type m k is often called a transversal design and denoted TD(fc, m). An incomplete transversal design YTD(k, m, n) is a set of k disjoint groups G\,..., Gk of size m, a set H intersecting each Gi in n points, and a collection of blocks of size k, so that every 2-subset in H or in one of the groups does not appear in a block, and every other 2-subset appears precisely once. There is a TD(fc, m) if and only if there is an YTD(k, m, 1) (simply choose H to be a block, and omit that block).
LEMMA 3.5 [13] . For m > 3n, n > 1 there is an ITD(4, m,n) except when m -6 andn = 1.
•
The additional hole in the ITD can be filled by using a { 3,4} -GDD of group-type n k to form a { 3,4} -GDD of group-type m k . Next we exploit a process that essentially reverses the truncation operation. Suppose that a PBD, IPBD, GDD or TD contains a set of blocks that contain every element precisely once; this is termed a parallel class of blocks. Let Pi,..., P t be a parallel class of blocks. Then if there exist {\P t \ + w, w, { 3,4} )-IPBDs for each i, one can "fill in the parallel class" -this is analogous to filling in groups as in Lemma 3.1. Hence we are interested in designs with many parallel classes, so that we can extend many parallel classes in this way. A design is resolvable if its block set can be partitioned into parallel classes.
LEMMA 3.6 [3, 34] . There exists a resolvable TD(4, m) except form E { 2,3,6} and possibly form =10.
To use Lemma 3.6, for any parallel class we can add three fixed elements, and put a (7,3, { 3} )-IPBD on each block and the three elements, leaving the hole on the new elements. If s parallel classes are extended in this way, we add 3s elements that produce a hole of size 3s (that can then be filled). This essentially gives a GDD of group-type m 4 3s l .
LEMMA 3.7 [19] . For nonnegative integers t,x,y satisfyingx + 2y = 6t -1, there is a resolvable (6f, { 2,3} )-PBD with x parallel classes of2-blocks and y parallel classes of triples, except when x -1 and t G { 1,2}.
• When x -1, such resolvable PBDs are called nearly Kirkman triple systems. To use such PBDs to construct { 3,4} -PBDs, we extend each parallel class of 2-blocks to form triples, and then extend some of the parallel classes of triples to form quadruples. In the process of proving Lemma 3.7, Rees also proves a similar result on resolvable GDDs that we can exploit: LEMMA 3.8 [19] . For even n and all n < r < 2n, there exists a resolvable { 2,3} -GDD of group-type n 3 having 2r -2n parallel classes of 2-blocks and 2n -r parallel classes of triples, except when n = r=2orn = r=6. m Lemma 3.8 is used similarly to Lemma 3.7, but enables us to fill in groups at the end. In order to produce many quadruples using the extension of parallel classes, we desire primarily parallel classes of quadruples, or of triples (that can then be extended). A particularly useful result in this vein was proved by Rees and Stinson [24] , with some further cases settled by Assaf and Hartman [1] (12, 6) .
• LEMMA 3.11 [21, 22] . There exists a resolvable { 2,3} -PBD with an odd number p of elements and r parallel classes provided p(r -p + 1) = 0 (mod 3) and one of the following holds:
(i) \p<r<p-4, (ii) p = 3 (mod 6) and r = \{p -1), or (Hi) (p,r) = (9,6).
-A resolvable PBD produced by Lemma 3.10 or 3.11 has p(p -1 -r)j 3 triples and p(2r -p+ 1)/2 pairs.
Next we require further { 4} -GDDs for use in the Fundamental Construction.
LEMMA 3.12 [7] . Let g,t be integers satisfying t > 4, g(t -1) = 0 (mod 3) and g 2 t(t -1) = 0 (mod 4). Then there exists a {4}-GDD of group-type g* except when (g,0G{(2,4),(6,4)}.
At this point, { 4} -GDDs are available from Lemma 3.4 (by truncation), Lemma 3.5, and Lemma 3.12. We require a few further small GDDs: LEMMA 3.13 [25, 26] . There exist { 4} -GDDs of group-type 3 4 • When v = 0,1,3,4,7,10 (mod 12), we have seen the PBD with the maximum number of quadruples; all are obtained from Lemma 3.4. However, for v = 6,9 (mod 12), this maximum is not obtained in this way. Instead we employ a result of Mills on "coverings"; his result implies the following: LEMMA 3.15 [17] . For v = 6,9 (mod 12), there is a {3,4}-PBD with precisely
Actually, Mills proved that the minimum covering of pairs on a set of size v ~ 7,10 (mod 12) by quadruples has an excess that is a single pair covered four times rather than once. Truncating Mills's covering by removing either of the elements in this excess pair produces Lemma 3.15.
In the constructions that follow, we assume that whenever possible, the basic designs given by Lemmas 3.3-3.15 are employed as ingredients to fill in groups, fill holes, extend parallel classes, and truncate. We typically state only the basic design that is constructed, and assume that the operations mentioned are performed in a suitable way to obtain the specified number of quadruples. Since A(v) has approximately v 2 / 12 elements, we are naturally unable to present explicit constructions for each case. We organize the presentation by defining the period of v to be | _ v/ 12J. In the zeroth and first periods, we give explicit constructions for each design. In the second and third periods, we simply summarize the consequences of Lemmas 3.3-3.15 supplemented by filling in groups and holes, extending parallel classes, and truncating. Additional designs in these periods are presented explicitly in a supplementary report. The solution for the fourth and higher periods is then pursued in section 5.
4.1. Zeroth and first periods. The systematic investigation of small PBDs was first undertaken by Kelly and Nwankpa [14] ; they classified all PBDs on at most fourteen elements. The classification of PBDs was extended to v = 15 by Brouwer [6] . Beyond that point, no complete classification is available. Nevertheless, we can exploit the available catalogues to determine Spec 4 (v, w) for v < 15. Truncating the (9, { 3} )-PBD gives a { 3} -GDD of type 2 4 of which we make extensive use.
In the first period, a variety of PBDs begins to appear. For v = 12, we have Spec 4 (12) = { 3,9}. Using parallel classes in these PBDs, we obtain a { 3} -GDD of type 4
3 , a { 4} -GDD of type 3 4 , and a { 3,4} -GDD of type 3 4 with 3 quadruples and 12
triples.
For v = 13, we have Spec 4 (13) = {0,6,7,13}. Brouwer [6] established that Spec 4 (15) = { 0,5,6,7,10,14,15}. In the process, he established the following: dehi dfjk dglm efno egpa fgbc dnb doa dpc ejb ekm elc fhp fil fma ghj gin gko hkl hmn hob hac ijc ika imb iop jlo jmp jna knc kpb Inp lab moc
In this notation, we use letters to represent the elements of the design, and use abc to denote a block { a, b, c}. (15) . This rules out s G { 13,14,16} from Spec 4 (16) .
The final case to consider is s = 8. Elementary counting shows that there is a unique possible configuration of eight quadruples up to isomorphism, namely 012a, 345b, 036c, 147d, 057e, 246f, 156g and 237h. A exhaustive search by computer showed that among the remaining pairs, the closest one can come to a partition into triples is to obtain 22 triples and one hexagon. Hence no solution exists here.
• It is easy to verify that 10 G Spec 4 (16,6) using a resolvable (10, { 2,3} )-PBD with six parallel classes from Lemma 3.10.
For v = 18, we have the following: LEMMA 4.3. {5,6,7,8,9,10,11,12,13,14,15,16} C Spec 4 (18) , and {2O,21,22}nSpec 4 (18) = 0.
PROOF. First we treat the affirmative cases. The PBD with 5 quadruples is given by Lemma 6.14 of [27] , and that with 6 quadruples by Lemma 6.15 of [27] . The PBD with 11 quadruples is obtained from a resolvable (11, { 2,3} )-PBD with 7 parallel classes from Lemma 3.11. The PBD with 15 quadruples is obtained by extending three parallel classes of a resolvable (15, { 3} )-PBD. The PBD with 16 blocks is obtained by truncating a point from a PBD given by Stanton [29] .
We next exhibit a number of designs explicitly. In each case, we chose a set of quadruples meeting the necessary conditions on degrees; then we used a hill-climbing algorithm similar to that of Stinson [32] to partition the remaining pairs into triples. The nonexistence results follow from the nonexistence of PBDs on 17 elements with 31 or fewer blocks [30] ; for truncating a (18, { 3,4} )-PBD gives a PBD with maximum block size four on 17 points, having the same number of blocks.
We also have {3,4,11,12} Ç Spec 4 (18, 6 (19) beda efga hija klma nopa qrsa behk bfio cenq cjmr dfjq bglq cflp ejls bjp bms bnr cgh cik cos dem dgk dhn dis dlo dpr eip eor fhs fkr fmn gir gjo gmp gns hlr hmo hpq iln imq jkn koq kps 15 G Spec 4 (19) bedk efgl hijm behn cfio dgjp bfjq cghr deis bgia ceja dfha kpra Insa moqablm bor bps dp cms enq dlq dmr dno ekm eop eqr fks fmp fnr gko gmn gqs hkl hos hpq ikq ilr inp jkn jlo jrs
For the nonexistence results, see Stanton [29] . (22) , remove three points from a block of a (25, {4})-PBD. Now 6 G Spec 4 (22) is given by Lemma 6.23 in [27] . We obtain 14, 21 and 25 from extending parallel classes in the solutions for 7, 14 and 18 in Lemma 4.5 for 21 points. For 11 G Spec 4 (22) , on elements Z n x { 1,2} take starter blocks 0i4i5]0 2 ,0 2 6i9j, 0 2 8il0i, 0 2 l 2 2i, 0 2 4 2 7i and 0 2 2 2 5 2 . For 22 G Spec 4 (22) , take instead starter blocks 0i4i0 2 l2, 0i2i3i5 2 , 0 2 2i7i, 0 2 4 2 5i and 0 2 2 2 5 2 .
For 16 G Spec 4 (22) , add a point to the parallel class { afg, bim, clq, dor, ekp, hjn, stu} of the the solution for 9 G Spec 4 (21) . For 18 G Spec 4 (22) , add a point to the parallel class {ahr, bfu, cjk, dmt, epq, gns, ilo} of the solution for 11 G Spec 4 (21 Table 4 .2, we list a value s when M v -s is a possible exception, since in the third period all remaining exceptions are near the maximum number of quadruples. We do not comment on Spec 4 (v, w) in these periods; although we obtain many results from the recursive constructions for w > 6, few are needed for the proof of the Main Theorem to follow. 6 having precisely s quadruples foralls = 0 (mod 5), 0 < s < 360.
PROOF. Truncate a (25, { 5} )-PBD to obtain a { 5} -GDD of type 4 6 . Now apply Lemma 3.2 giving every element weight 3, and using the { 3,4} -GDDs of type 3 5 having 0, 5, 10 or 15 quadruples (see Lemma 4.1).
• In specific cases, we also employ variants of Lemmas 5.1 and 5.2 that assist in particular classes. However our general strategy is to fill in groups in the GDDs produced by Lemma 5.1, using the GDDs of Lemma 5.2 to handle the exception in 5.1.
v = 1 (mod 12)
We write v = 12/ + 1, and first apply the general construction. (19) , and 17 G Spec 4 (25) . This leaves only 17 G Spec 4 (49) to construct; this is straightforward using a {3}-GDD of type 15 3 (4, 6, 2) and fill the resulting 6-hole with an ITD(4,6,2). The result is an ITD(4,18,2) with a sub-TD (4, 3) . Now fill the hole with a { 3} -GDD of type 2 4 , and "unplug" the TD(4,3). Add four points at infinity. On each group together with these four points, place a (22,7, { 4} )-IPBD so that the hole coincides with the four additional points and the three points of the TD (4, 3) in this group. Finally, on the twelve points of the TD(4,3) and the four additional points, placea(16;{4})-PBD.
ForM 52 -12 G Spec 4 (52), fill groups of aTD(4,13) using {7,13} C Spec 4 (13) .For M 64 -12 G Spec 4 (64), fill the hole of an ITD(4,16,2) with a { 3} -GDD of type 2 4 , and fill groups using { 12,20} Ç Spec 4 (16) .
To summarize, LEMMA 5.14. For the first, take a resolvable TD (4, 7) . Extend the groups by adding one point, and extend two parallel classes of blocks by adding a point to each. The result is a { 4,5,8} -GDD with group-type 4 7 (30) .
We have also verified by a set of tedious computations (by computer) that Spec 4 (48) = J4(48) and Spec 4 (60) = ^1(60), using the constructions of section 3 and this section together with the ingredients of section 4.
We have shown PROOF. Set y = 2, 3 or 4 when z = 4, z = 6, or z G {0,8,16} respectively. Puncture an ITD(4,3t + 1, v) by removing an element outside the hole, and fill the hole with a { 3,4} -GDD of type y 4 having 2z triples. This gives a { 3,4} -GDD of group-type (3t) l (3t + l) 3 . Fill in the groups.
• In Lemma 5.22, we come "close" to the maximum number of quadruples, but do not attain it. In particular, the maximum number obtainable in this way in general is Mnt+6 -10 for t = 0,3 (mod 4), and M ]2 ,+6 -9 for t = 1,2 (mod 4). We therefore comment next on the cases close to the maximum: PROOF. Form an ITD(4,3t + 1,2). Add two points "at infinity". On each group of the ITD plus the two extra points, place a (3f + 3,4, { 3,4} )-IPBD, so that the 4-hole in the IPBD coincides with the two extra points and the two points in the hole of the ITD. The result is a (12f+6,10, { 3,4} )-IPBD; fill the final hole. Now if each IPBD is taken to have the maximum number of quadruples possible, the PBD produced has 4t+13 triples, and hence has Mi 2t +6 -5 quadruples. In the case t -4, we obtain the two further values by using ( 15, 4 , { 3,4} )-PBD with one fewer quadruple than the maximum.
• • In Lemma 5.27, when t = 0,3 (mod 4), the maximum value produced is Mnt+9', when t = 1,2 (mod 4), the maximum value is M\2 t +9 -2.
When t ^ 6, we apply Lemmas 5.26 and 5.27, using Lemma 5.23 to take care of certain exceptions. As in the case v = 6 (mod 12), we employ an induction from smaller values; however, in this case, the induction is dramatically simplified by the fact that PROOF. Apply the Fundamental Construction with weight 4 to a TD (4, 5) to obtain a { 3,4} -GDD of type 20 4 having s quadruples for any 0 < s < 400, s = 0 (mod 8).
Fill in groups with a (21,1, {3,4})-IPBD. This construction establishes thatMgi -x e Spec 4 (81) except for x G {0,1}. These two values are provided by Lemma 3.15 and 5.23.
• We should remark that the induction required is immediate once we have Spec 4 (3f + 3) = Jl(3/+3) in the above; below that point, one must verify that the possible exceptions in Spec 4 (3f+3) do not propagate to make new possible exceptions in Spec 4 (12f+9), other than those explicitly mentioned above. This is a straightforward computation. Now we treat the remaining exceptions. For v = 93, take a resolvable TD(4,7); add a point to the groups and a point to one parallel class of blocks to obtain a { 4,5,8} -GDD of type 2*4 7 . Apply the Fundamental Construction with weight 3, using {4} -GDDs of types 3 4 , 3 5 • The (31,7, { 3,4} )-IPBD is taken to have no quadruples (Lemma 3.3) or all quadruples (Lemma 3.4).
Next we treat the bulk of the cases at the top end. In the induction, there remain a number of cases to be checked when Spec 4 (3f+4) has further possible exceptions. We remark that t -6 is handled by Lemma 5.33. For t -5, we have M\ 9 -3 G Spec 4 (19) , and hence Lemma 5.32 provides all of the additional cases that result. For t > 9, no further exceptions result, since we always have M 3t+ 4 and For M55 -4 G Spec 4 (55), we form an ITD(4,13,2) adding three points at infinity. We fill the hole with a { 3} -GDD of type 2 4 , and delete one block disjoint from this GDD. PROOF. Fill groups in the GDD of type 12*24^ with b (34,10, { 3,4} )-IPBDs, a -1 (22,10, { 3,4} )-IPBDs and one (22, { 3,4} )-PBD.
• The maximum attainable here is quite low compared to the previous three congruence classes. Nevertheless, we can employ truncated ITDs again as follows: • The primary difficulty in this case is that the recursion is using PBDs in the 0 (mod 3) class to construct those in the 1 (mod 3) class; hence the largest value that we can obtain using Lemma 5.39 is M\2t+\o-| _ (4.5H-1)J (an easy computation). This leaves an interval of large values to consider that grows as v grows, unlike all of the previous congruence classes considered. To deal with this problem, we use a simple observation, namely that if M\2t+i -s G Spec 6. Applications. In the development of the proof of the Main Theorem, we have seen substantial connections between the construction of { 3,4} -PBDs with a specified number of quadruples and many central problems in design theory. Here we comment on a few further connections. First of all, Batten and Totten [2] have classified all (v, { nl,n})-PBDs with v < n 2 , v / 15; our Main Theorem is in a similar vein. In fact, PBDs are just linear spaces in which the blocks are lines; hence our result has a natural geometric interpretation.
Lindner and Rosa [16] and Rosa and Hoffman [27] determined the possible numbers of repeated blocks in a triple system with À = 2 for v = 1,3 (mod 6), and v = 0,4 (mod 6), respectively. In a {3,4}-GDD with a triples and b quadruples, duplicating each triple, and replacing each quadruple by the four distinct triples on the same points, gives a triple system with a repeated blocks. Hence our Main Theorem can be viewed as the determination of triple systems with À = 2 having a prescribed number of repeated blocks and all other blocks in subdesigns of order four.
The general theme of specifying the numbers of blocks of each size is useful in examining extremal problems in design theory; see, for example, [9] . Colbourn and Rodl [10] have shown that if a AT-PBD exists, then one can (asymptotically) specify the percentage of blocks of each size, and achieve the specified percentages to any fixed tolerance. Our Main Theorem shows that for K -{3,4}, one has a much stronger result.
Since PBDs are basic building blocks in much of combinatorial design theory, the determination of many numerical or extremal properties of designs requires control over the proportion of blocks of each size. Our Main Theorem is the first nontri vial result that shows that one can control the distribution of block sizes completely. In the second period, the large number of open cases that remain is largely a consequence of the limitations of recursive constructions. We have succeeded in constructing a large number of designs in this range, but have not attempted an extensive search. Undoubtedly a number of the open cases could be settled, especially those with few quadruples.
For all v > 96, we have completely determined the possible numbers of triples and quadruples. This is the first interesting case of the general problem of determining distributions of block sizes in PBDs, and suggests that one can obtain quite precise control over that distribution.
